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Abstract. Based on the Kauffman bracket at A = e l7T ^ 4 , we denned an invariant 
for a special type of n-punctured ball tangles. The invariant F n takes values in the 
set PM2x2"(Z) of 2 x 2" matrices over Z modulo the scalar multiplication of ±1. 
We provide the formula to compute the invariant of the k\ + • • • + fc„-punctured 
ball tangle composed of given n, k%, . . . , fc n -punctured ball tangles. Also, we define 
the horizontal and the vertical connect sums of punctured ball tangles and provide 
the formulas for their invariants from those of given punctured ball tangles. In 
addition, we introduce the elementary operations on the class ST of 1-punctured 
ball tangles, called spherical tangles. The elementary operations on ST induce 
the operations on PM2 X 2(Z), also called the elementary operations. We show that 
the group generated by the elementary operations on M 2X 2(2) is isomorphic to a 
Coxeter group. 



1. Introduction 

Throughout the paper, we work in either the smooth or the piecewise linear cate- 
gory. For basic terminologies of knot theory, see [U [2] . 

We introduced a general definition of an n-punctured ball tangle and basic prop- 
erties on them in [I]. However, our main interest still lies in a special type of n- 
punctured ball tangles, each boundary component of which intersects with the 1- 
dimensional proper submanifold at exactly 4 points. Hence, we restrict our scope to 
only such punctured ball tangles (Definition 2.1). In the case of n = 0, it corresponds 
exactly to Conway's notion of tangles in the 3-ball B 3 [3], and we call them ball tan- 
gles. Using the Kauffman bracket at A = e l7r//4 , we defined an invariant for this special 
type of n-punctured ball tangles [I]. The invariant F n (T n ) for such an n-punctured 
ball tangle T n is an element of the set ?M 2X 2»(Z) of 2 x 2 n matrices over Z modulo 
the scalar multiplication of ±1. Specially, F°(T°) is Krebes' invariant [5]. 

In this paper, we generalize the formula for the invariant of the ball tangle in- 
duced by an n-punctured ball tangle and n ball tangles. The invariant F n behaves 
well under the operadic composition of n-punctured ball tangles. As a punctured 
ball tangle valued function, an n-punctured ball tangle T n has the class of all punc- 
tured ball tangles as domain. When we put n many punctured ball tangles at the 
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n holes of T n , we have a new punctured ball tangle. That is, given an n-punctured 
ball tangle T n and ki, . . . , /c„-punctured ball tangles T kl ^, . . . ,T kn ^ n \ respectively, 
we consider the k\ + • • • + fc n -punctured ball tangle T n (T kl ^\ . . . , T fcn<n )), where 
n G N and k±, . . . , k n G N U {0}. In this case, we show how to compute the invari- 
ant F kl+ - +kn (T n (T kl( - 1 \ T kn ^)) if F n (T n ), F kl (T kl ^), F kn (T kn ^) are given 
(Theorem 3.2). Also, we consider the horizontal connect sum + h T k *W anc l the 

vertical connect sum 

T fci(i) +v T k 2 (2) of ki and fc 2 _p Unc tured ball tangles T kl ^ and 
rpk 2 {2) ^ respectively, and provide the formulas for the invariants F kl+k2 (T kl ^ + / l T A, ' 2< - 2 ' ) ) 
and F kl+ka {T^ + v T k ^) from F fcl (T fcl «) and F k *{T k ^) (Theorem 3.3). 

These generalizations can reduce much work when we try to compute the invariant 
for rather complicated punctured ball tangles. In order to compute the invariant for 
a given n-punctured ball tangle, we may successfully decompose it appropriately by 
already known ball tangles and punctured ball tangles in terms of compositions and 
connect sums. Then we will get the invariant of it by our formulas. 

Finally, we introduce the elementary operations on the class ST of 1-punctured 
ball tangles, called spherical tangles. The elementary operations on ST induce the 
operations on FM2 X 2(Z), which is also called the elementary operations. We show 
that the group generated by the elementary operations on PM 2X 2(Z) is isomorphic 
to a Coxeter group (Theorem 4.6). 

2. Preliminaries 

In this section, we give a bunch of definitions and statements required for our main 
theorems. All of them come from our previous paper [I]. 

The notion of tangles was introduced by J. Conway [3] as the basic building blocks 
of links in the 3-dimensional sphere S 3 . A tangle T is defined by a pair (B 3 , T), where 
B 3 is a 3-dimensional closed ball and T is a 1-dimensional proper submanifold of B 3 
with 2 non-circular components. The points in dT C dB 3 will be fixed all the time. 
Here, we considered holes inside the tangle such that if they are filled up with any 
tangles, we have a new tangle. In this sense, we define an n-punctured ball tangle 
slightly modified that in j3] to fit our purpose. 

Definition 2.1. Let n be a nonnegative integer, and let Hq be a closed 3-ball, and 
let Hi, . . . , H n be pairwise disjoint closed 3-balls contained in the interior Int(fZo) 
of H . For each k G {0,1,..., n}, take 4 distinct points a^i, a^, o,k3, of dHk- 
Then a 1-dimensional proper submanifold T of Hq — |J" =1 Int(Hi) is called an n- 
punctured ball tangle with respect to (H k ) < k < n and ((aj-i, a k2 , a k3 , a k 4)) < k < n or, sim- 
ply, an n-punctured ball tangle if dT = U k=0 {a k i, a k2 , a k3 , a k4 }. Hence, dT R dH k = 
{Ofei, a k2 , a k3 , a M ] for each k G {0, 1, ... , n}. 

Note that we can regard an n-punctured ball tangle T with respect to (H k ) < k < n 
and ((afci, «fc2, Ofc3, Ofc4))o<fc<n as a 4-tuple (n, (H k ) < k < n , ((a k i, a k 2, am, «fc4))o<fc<n, T). 
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Let n£NU {0}, and let nPBT be the class of all n-punctured ball tangles with 
respect to (H k ) < k < n and ((a kl ,a k2 ,a k3 ,a k4 )) < k < n , and let X = H - (J" =1 Int(iJj). 
Define = on nPBT by T\ = T 2 if and only if there is a homeomorphism h : X — > X 
such that h\dx = Idx|ax, M^i) = ^2, and h is isotopic to Idx relative to the boundary 
dX for all Ti,T 2 G nPBT. Then = is an equivalence relation on nPBT, where Idx 
is the identity map from X to X. n-punctured ball tangles T\ and T2 in nPBT 
are said to be equivalent or of the same isotopy type if T\ = T 2 . Also, for each 
n-punctured ball tangle T in nPBT, the equivalence class of T with respect to = is 
denoted by [T]. Without any confusion, we will also use T for [T]. 

Like link diagrams, to deal with diagrams of n-punctured ball tangles in the same 
isotopy type, we need Reidemeister moves among them. For link diagrams or ball 
tangle diagrams, we have 3 kinds of Reidemeister moves. However, we need one and 
only one more kind of moves which are called the Reidemeister moves of type IV. 




D ' is the union ofD\l and I ' such that I has no crossing and I ' has either 
overcrossings or undercrossings, but not both, where i = I,. . .,«. 



R IV 




At a sufficiently small neighborhood ofH i 

Figure 1. Tangle Reidemeister moves. 
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The Reidemeister moves for diagrams of n-punctured ball tangles are illustrated 
in Figure 1. Like link diagrams, tangle diagrams also have Reidemeister Theorem 
involving the Reidemeister moves of type IV. Let us call Reidemeister moves including 
type IV Tangle Reidemeister moves. 

Theorem 2.2. Let n be a nonnegative integer, and let D\ and D 2 be diagrams of 
n-punctured ball tangles. Then D\ = D 2 if and only if D 2 can be obtained from D\ 
by a finite sequence of Tangle Reidemeister moves. 

There are many models for a class of n-punctured ball tangles. It is convenient to 
use normalized ones. One model for a class of n-punctured ball tangles is described 
in pE]. 

Our invariant is based on the Kauffman bracket at A = e 47r//4 . Recall the Kauffman 
bracket is a regular isotopy invariant of link diagrams. That is, it will not be changed 
under Reidemeister moves of type II and III. 

Note that a state a of a link diagram L with n crossings ci, . . . , c n is regarded as 
a function a : {ci, . . . ,c n } — > {A, B}, where A and B are the A-type and 5-type 
splitting functions, respectively. Therefore, a link diagram L with n crossings has 
exactly 2 n states of it. Apply a state o to L in order to change L to a diagram L a , 
called the resolution of L by a, without any crossing. 




a) b) c) 



a) a crossing c of L, b) the part of L a by a(c) = A, c) the part of L a by er(c) = B. 
Figure 2. Two types of splitting of a crossing of L. 

Definition 2.3. Let L be a link diagram. Then the Kauffman bracket {L)a, or 
simply, (L), is defined by 

(L) A = Y^^HA-y^i-A 2 - a- 2 y^-\ 

where S is the set of all states of L, a (a) = |<7 -1 (A)|, /3(a) = |cr _1 (fi)|, and d(a) is 
the number of circles in L a . 

We have the following skein relation of the Kauffman bracket. 

Proposition 2.4. Let L be a link diagram, and let c be a crossing of L. Then if La 
and Lb are link diagrams obtained from L by A-type splitting and B-type splitting 
only at c, respectively, then (L) = A{La) + A~ l (L B ) . 
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Proof. Suppose that S is the set of all states of L and Sa = {o~ G S\a(c) = A} and 
S B = {rE S\t{c) = B}. Then (L) = A J2aes A A"^)" 1 (A" 1 )^) (-A 2 - y 4- 2 ) a! ( <J )- 1 + 
A ~ l J2res B A ai - T \A- l f^-\-A 2 - A- 2 ) d ^- lA = A (La) + A~ X (L B ) because S is the 
disjoint union of Sa and S^. This proves the proposition. □ 

Following [5], a state a of a link diagram L is called a monocyclic state of L if 
d(o~) = 1. That is, we have only one circle when we remove all crossings of L by a . 

Also, it is proved in [5] that monocyclic states a and a' of L differ at an even 
number of crossings. The following lemma is a generalization of this statement. 

Lemma 2.5 (J.-W. Chung and X.-S. Lin |4j). Let L be a link diagram. Then states 
o and o' of L are of the same parity, i.e., d(a) = d(o J ) mod 2, if and only if a and 
o' differ at an even number of crossings, where d(o~) and d(o~') are the numbers of 
circles in L a and L a i , respectively. 

Proof. Let a be a state of a link diagram L with n crossings c\, . . . ,c n . Change the 
value of a at only one crossing c$ to get another state <Tj and observe what happens to 
d(o~i), where 1 < i < n. We claim that a and o~{ have different parities, more precisely, 
d(a) = d(o~i) ± 1. Hence, we will have d(a) = d(o~i) + 1 mod 2. Now, to consider 
cr(cj) and (7j(cj), take a sufficiently small neighborhood at the projection of q so 
that the intersection of Int(5j) and the set of all double points of L is the projection 
of c, and the intersection of dBi and the projection of L has exactly 4 points on the 
projection plane of L which are not double points of L. 

Case 1. If these 4 points are on a circle in L a , then 

d(o-i) = d(a) + 1. 

Case 2. If two of 4 points are on a circle and the other points are on another circle 
in L a , then 

d(o~i) = d(o~) — 1. 



c D 
La 

Case 1. 

A,B,C,D lie on the same 
component of L G . 





Case 2. 




A,B lie on a component ofL and 
C,D lie on another component. 



Figure 3. Proof of Lemma 2.5. 
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Now, it is easy to show the lemma. Suppose that a and a' are states of L which 
differ at k crossings of L for some k E {0, 1, ... , n}. Then d(a') = d(o~) + k mod 2. If 
d(a) = rf(cr') mod 2, then is even. Conversely, if d(a) = o^cr') + 1 mod 2, then k + 1 
is even, that is, /c is odd. This proves the lemma. □ 

Suppose that A = e in/4 . Then -A 2 - A' 2 = 0. Therefore, 

(L) = Y J A a ^~^\ 

o-eM 

where M is the set of all monocyclic states of L. 

From now on, we use only the Kauffman brackets at A = e" 1 "/ 4 . Note that, since 
\A\ = 1, the determinant \{L)\ of L is an isotopy invariant. 

Lemma 2.6. If L is a link diagram, then there are p G Z and ueC such that u 8 = 1 
and (L) = p-u. 

The following notations throughout the rest of the paper: 

• $ = {z e C | z 8 = 1} = {A k | k G Z} and Z$ = {A;z | fc G Z, z G $}. 

• PM mxn (Z) is the quotient of M mxn (Z) under the scalar multiplication by ±1. 

• BT is the class of diagrams of 0-punctured ball tangles (i.e. ball tangles). 

• ST is the class of diagrams of 1-punctured ball tangles (they will be called spherical 
tangles). 

Proposition 2.7. If a, b,k,le Z, then aA k + bA l G Z$ if and only if ab = or k = I 
mod 4- 

Given a ball tangle diagram B, consider 2 kinds of closures as in Figure 4. The link 
diagrams B\ and B2 are called the numerator closure and the denominator closure of 
B, respectively. A monocyclic state of B\ is called a numerator state of B and that 
of B 2 is a denominator state of B. 




state of B state of B 

Figure 4. The numerator closure B\ and the denominator closure B 2 . 
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Notice that a numerator state a and a denominator state a' of a ball tangle diagram 
B differ at an odd number of crossings. To see this, we think of a link diagram L 
such that B embeds in L and L has one and only one more crossing c at the outside 
of the ball containing B and L has no self-twist at the outside of the ball. We have 
two monocyclic states of L from the numerator state a and the denominator state a', 
respectively, which differ at c. Hence, a and a' differ at an odd number of crossings. 
Without loss of generality, we may assume that 

(L) =A(B 1 )+A- 1 (B 2 ) G Z$. 

If (Bi) = pA k and (B 2 ) = qA , by Proposition 2.7, we have I = k + 2 mod 4. Hence, 
there is a unique G Z 2 such that 

Definition 2.8. (Krebes 0) Define f : BT ^ PM 2xV , 

K iz(B 2 ) / 

for each B & BT. This is Krebes' tangle invariant. 



G PM 2xl (Z). 



(Z) by 

: e * J> n :v/ 2x i(S) g ?m 2x1 (Z) 



Let n be a positive integer. Then an n-punctured ball tangle T n with (i/fc)o<fc< n 
can be regarded as an n-variable function T n : A% x • • • x A n — > T defined as 
T n (Xi, . . . ,X n ) is a tangle filled up in the z-th hole Hi of T n by Xj G -Aj for each 
i G {1, . . . , n}, where is a class of tj-punctured ball tangles for each i G {1, . . . , n} 
and T is a class of tangles. However, this representation of n-punctured ball tangles 
as n-variable functions is not perfect in the sense that n-punctured ball tangles are 
equivalent only if they induce the same function. On the other hand, n-punctured 
ball tangles which induce the same function need not be equivalent. That is, we can 
say that tangles are stronger than functions. 



j, n 



n ball tangles 



the induced ball tangle 





H H 
Figure 5. The induced ball tangle T n (B^\ ■■■ , B^) by T n and ■■■ , flW . 
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Roughly speaking, the class of n-punctured ball tangles as only n- variable functions 
gives us an operad, a mathematical device which describes algebraic structure of many 
varieties and in various categories. See [6]. 

First of all, to construct the invariant F n of n-punctured ball tangle T n , let us 
regard T n as a 'hole-filling function', in sense described as above T n : BT n — > BT, 
where BT n = BT 1 x • • ■ x BT n with BT X = ■■■ = BT n = BT (Figure 5). 

Also, to construct our invariant of n-punctured ball tangles, we need to use some 
quite complicated notations. Let us start with a gentle introduction to our notations: 

(1) For a diagram of O-punctured ball tangle T° (a ball tangle), we can produce 2 
links r° and T 2 °, which are the numerator closure and the denominator closure of T°, 
respectively. 

(2) For a diagram of 1-punctured ball tangle T 1 (a spherical tangle), we can produce 
2 1+1 links Th x y Th 2 y, ^(l)' -^2(2) > wnere the subscript 1(1) means to take the numerator 
closure of T with its hole filled by the fundamental tangle 1. 

(3) For a diagram of 2-punctured ball tangle T 2 , we can produce 2 2+1 links Iw^,, 

rp2 rp2 rp2 . rp2 rp2 rp2 rp2 

- t l(12)' J l(21)> J l(22)> ^2(11)' J 2(12)> ^2(21)' 1 2(22)- 

If n is a positive integer, J\ — ■ ■ ■ — J n — {1,2}, and J(n) = Ylk=i Jk, then 
J(n) is linearly ordered by a dictionary order, or lexicographic order, consisting of 2 n 
ordered n-tuples each of whose components is either 1 or 2. That is, if x, y G J(n) 
and x = (xi, . . . , x n ), y = (y±, . . . , y n ), then x < y if and only if x\ < y\ or there is 
k e {1, • • • , n - 1} such that x 1 = y u . . . , x k = y k , x k+1 < y k+1 . 

(4) J(n) = {«™|1 < i < 2"} and a" < a% < ■ • ■ < aQn, where < is the dictionary 
order on J(n). Hence, a" is the least element (1,1,..., 1) and a^n is the greatest ele- 
ment (2, 2, ... , 2) of J(n). Let us denote af = (a™ 1; . . . , af n ) for each i G {1, . . . , 2 n }. 



a) b) c) 




/ 2 

Two fundamental ball tangles 

Figure 6. The closures of T n , a) b) 7^ B , c) T; 
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(5) For a diagram of n-punctured ball tangle T n , we can produce 2 n+1 links 

1 la n , . . . , 1 la n n , ± 2a n, . . . ,1 3^ . 

(6) The sequence (a„) n >o = ((tk)i<k<2 n )n>o is defined recursively as follows: 

1) a = (0); 

2) If dk-i = (ti, . . . , t 2 k-i), then = (ti, . . . , t 2 k-i,ti + 1, . . . , t 2 k-i + 1) for each 
k G N. Note that t 2 n = n for each n G N U {0}. 

Now, we define our invariant of n-punctured ball tangles inductively. 
Theorem 2.9. For each n G N, define F n : nPBT -> PM 2x2 »(Z) &y 

/or eac/i T n G nPBT. Then F n is an isotopy invariant of n-punctured ball tangle 
diagrams. In particular, F° is Krebes' ball tangle invariant f . 

Definition 2.10. For each nonnegative integer n, F n is called the n-punctured ball 
tangle invariant, simply, the n-punctured tangle invariant. 

In order to think of n-punctured ball tangle T n as a 'hole-filling function', we define 
a function which makes a dictionary order on complex numbers. 

Let n be a positive integer, and let (hi, ... , k n ) be an n-tuple of positive integers, 
and let J(n, k±, . . . , k n ) = Yii=i^ki- Then J(n, ki, . . . , k n ) is linearly ordered by a 
dictionary order, where h — {1, . . . , k} for each fceN. 

(4*) J {n, k l ,...,k n ) = {«»>*>■■•.*» |i <t<h---k n } and o^ 1 '""*" < • • • < a n k fX' kn , 
where < is the dictionary order on J(n, k±, . . . , k n ) and q-™^ 1 '-^™ j s the least element 
(1, 1, ... , 1) and (Xk'*~k n ' kn * s the greatest element (k±, k 2 , ■ ■ ■ , fc n ) of J(n, fci, . . . , k n ). 
Let us denote a " ,fcl '- ,fc " = (a"' fcl '- ,fen , . . . , a"„ fcl '-' fcn ) for each i G {1, . . . , k x ■ ■ ■ k n }. 

Definition 2.11. For each n G N and n-tuple (hi, . . . , k n ) of positive integers, define 
by 

(n n 
II';:-: - 

for all (v\, . . . , vlj G C fel , . . . , «, . . . , u£j G C fe ". Then is well-defined 

and called the dictionary order function on C with respect to k\, . . . , k n . Also, the 
i-th projection of f". fc i.-.*» is denoted by f!*'* 1 '--*" for each i G {1, . . . , fci • • • k n }. In 
particular, we simply denote £ n M,-,kn w hen k\ — ■ ■ ■ — k n — 2. 
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Denote by C fc t the fc-dimensional column vector space over C, so the map 

is to transpose row vectors to column vectors. Let PC k ^ = C ' / ±1. If (vx, . . . , v k y G 
C kjf , then we denote by 



[vi, 



Vk\ 



the corresponding element in PC k K 

Remark that we may extend the above notation to matrices modulo ±1. Under 
this extension, matrix multiplication is well-defined. That is, if A and B are matrices 
and AB is defined, then [A] [B] = [A][-B] = [-A][B] = [-A][-B] = [-AB] = [AB]. 

Lemma 2.12. For each nGN and n-tuple (k\, . . . , k n ) of positive integers, define 



by 



n,ki, 



g C fcl 



j • • • j \"i j 



FT f J ' 

1 1 7 = 1 17 n,fci,...,fc„ 



n.fci ,...,fen 



) G C fcn . T/ien [£ n > fc i>---,fcn] ^ well-defined 



n,ki, 



for all (v\, 

and called the dictionary order function induced by £ 

As another notation, if L is a link diagram and T n is a diagram of n-punctured ball 
tangle for some n G N U {0}, then the sets of all crossings of L and T n are denoted 
by c(L) and c(T n ), respectively. 

Lemma 2.13. Ifn G N andT n is an n-punctured ball tangle diagram and B^\ . . . , B^ 1 ' 
are ball tangle diagrams, then 



(T%B«,.--,£ (n) )i> 
(T"(SW,..., J BW) 2 ) 



'££i<^<sS)---<^) 

% il in 



,(n) v 



Theorem 2.14 (J.-W. Chung and X.-S. Lin |4J). For each n G N, F n is an n- 

punctured ball tangle invariant such that 

F\T n (B^\ fiW)) = F n (T n )[C}(F°(B^), . . . , F°(B^)) 
for all flW, . . . , flW £ BT. 
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Proof. Suppose that T n is an n-punctured ball tangle such that F n (T n ) = \zX(T n )} 
for some z G $ and B^\ . . . , B^> are ball tangles such that 



,...,F°(B (n) ) = 



'z n (B[ H) ) 
iz n {Bi n) ) 



for some Zi, . . . , z n G $, where (sf ) and (B^) are the numerator closure and the 
denominator closure of B^\ respectively, for each i G {1, . . . , n}. Then 

F n (T n )[C](F°(B {1) ), . . . , F°(5 (ri) )) 



(-t)M?£ r > 



(-i)*-^(T 2 V> 



n) 



■^•••^«7? a -><S«>...(S§ ) > + .. 

1 11 In 

izzi • • • z n ((T£ a n) (B^) ■ ■ ■ (B^nJ + ■ • 

'zz 1 ---z n ^: i (T^)(B^)...(B^) 
[tzz 1 ...z n ET=AT 2 n a? )(B^}---(B^J 

= F°(T n (B^\...,B^)) 
by Lemma 2.13. 



+ (T 1 W(B$J---(BZ _» 



(n) 



+ (^)(^t>---(55i n )) 

'^zi- 2n (r B (B( 1 )- 1 5( n »)i)' 



(n) 



□ 



3. Generalized formulas for invariant of ^-punctured ball tangles 

Notice that an n-punctured ball tangle T n may be regarded as an n variable func- 
tion about not only O-punctured ball tangles but also various punctured ball tan- 
gles. Given an n-punctured ball tangle diagram T n and ki, . . . , & n -punctured ball 
tangle diagrams T kl( ^\ . . . , T kn ^ n \ respectively, we consider the induced k± + • • • + k n - 
punctured ball tangle diagram r(T* 1 ( 1 ', . . . ,T fc ™(™)), where n G N and k u . . . , k n G 
N U {0}. We show how to calculate the invariant F kl+ "' +kn (T n (T kl ^\ . . . ,T fc "("))) 
of it if F n (T n ),F kl (T kl ^), . . . , F kn {T k ^) are given (Theorem 3.2). On the other 
hand, we consider the horizontal connect sum T kl ^ +h T k ' 2 ^ and the vertical con- 
nect sum T kl ^ + v T k ' 2 ^ of k\ and ^-punctured ball tangles T kl ^ and T k ' 2 ^ 2 \ re- 
spectively, and provide the formulas for the invariants F kl+k ' 2 (T kl ^ +/, T k ' 2 ^) and 
F fci+fc 2 ( T fci(i) +v 7*2(2)) from ^1(7*1(1)) and 7*2(7*2(2)) (Theorem 3.3). To prove 

these two generalized formulas, we require a statement from 'Projective Linear Alge- 
bra' (Lemma 3.1). Let us start from the following notations: 

Let n G N. Then 
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(1) e? 



V 2 n 



such that Vi = 1 and Vj = if j ^ i for each i e {!,••• ,2 n }. 



In particular, 

ie{i,...,2»}. 

(2)x = 



and ei 



Hence, e" = [£ n ](e*n , • • • , e\ n ) for each 



(3) E™ is the set of all [£ n ](j/i, • • • , y n ) such that j components of (y 1 , . . . , y n ) are x 
and each of the others is e\ or e\ for each j e {0, 1, . . . , n}. In particular, 

={r](ei v ...,e^)KG{l,...,2"}} 

and 

E: = {[C](yi,...,y n )\yi = --- = yn = x}. 

Notice that {Eg , Ef, . . . , £"} is pairwise disjoint and = n Cj 2™~ : ' for each j e 



{0,1, ... ,n}, where n Cj 



Hence, 



LI -E^l ~~ ^ ^ 1 + ' ' ' + nPn-i 2 1 + n C n 2° — (2 + 1)™ — 3 n . 

3=0 

Note that 

n 

\\E]=[C]{{e\,e\,xY). 

3=0 

For example, when n = 3, we have 

-^0 = { e l> e 2> e 3> e 4> e 5> e 6> e 7> e 8}' 

= { [1000 1000] f , [01 0001 0]+, [0 10001 0] f , [0 1000 l] f , 
[10100000 ] f , [01010000 ] f , [00001010 ] f , [00000101 ] f , 
[1 1000000 ] f , [001 10000 [00001 100 ] f , [0000001 1]+}, 
El = { [ 1 1 1 1 ] f , [ 1 1 1 1 ] f , 
[11001100] t ,[00110011] t , 

[liiiooooiMoooomi] 1 }, 
El = {[mm i i] f }. 

Now, we have the following lemma which supports our main theorems. 

Lemma 3.1. If n e N and A,B e PM 2x2 n(Z) and AX = BX for each X e 
[i n \{{e\,e\,x} n ), thenA = B. 
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Proof. We prove the statement by induction on n G N. 

Step 1. We show that the statement is true for n = 1. 

hi bu 
hi h 2 



Let A 

{ 

and 



an Q12 

0,21 a 22 



, and let B 

} and AX = BX for each X G [^({e}, e£, a;} 1 

an 



Since E$ 



t 







5 



an 






and 


Ol2 




6l2 


a 2 i 




621 




O22 




&22 



} and El 



an + 012 
a 2i + 022 
an + a 12 
a 2 i + a 22 



6n + 612 
621 + b 2 2 
bu + 612 

hi + &22 



Hence, 



021 



611 

&21 



and 



Ol2 
«22 



012 
b22 



and 



1. 



Case 1. 



for some e, e', ei G {1,-1}. Suppose that ee' - 
and I 12 ) = I ? 12 Y If ei = 1, then an + a i2 



Case 2. 



0. If ei = -1, 

= 6 2 i — ^22, so 



If ei = 1, then an + ai 2 



Gl M = ( ?" ) and (° 12 ) = ("J 12 

hi + &12 = hi - hi and a 2 i + 022 = hi + ^22 = hi ~ ^22, so b 12 = b 2 2 = 
then an + a 12 = -b n - b 12 = b n - b 12 and a 21 + a 22 = -b 21 - b 22 
hi = hi = 0. Hence, A = B. 

'au\ = f-bn\ and (a 12 \ = fh 2 

hi + bu = -6n + b 12 and a 21 + a 22 = b 21 + b 22 = -b 2l + 6 2 2, so b n = b 21 = 0. If 
e\ = -1, then a n +ai2 = — &11— &12 = —b u +h 2 and a 2 i+a 2 2 = -b 21 -b 22 = -b 2 i+b 22 , 
so 612 = 622 = 0. Hence, A — B. 

Step 2. Suppose that the statement is true for n G N. We show that the statement 
is also true for n + 1 . 

Suppose that 



and 



and 



B 



a-2i 

b u 
hi 



Ol2 n 

a 22 n 



a 12 n +l 
&22 n +l 



A 1 = 



an 
a 2 i 



Oi2' 
Q22' 



^12™ ^12 n +l 
b 2 2 n h 2 n + i 



,A 2 = 



Ol2n+l 

a 22 n+i 

b± 2 n + l 
b 22 n+l 




A,= 



A 4 = 



and 



#i 



an • • 
a 21 ■ ■ 

a 12"- 1 +l 
022™- 1 +l 

6n ••• 
621 • • • 



ai2«-i ai2 n +i 

022™- 1 0-22 n +l 

a\2 n a 12 n +2 n - 1 + l 

22 n a22 n +2 n - 1 + l 



a 12 n +2 n_1 
a 22 n +2 n_1 




612' 

b 22 r 



,B 2 



bu n +i 
h2 n +1 



h 2 n+l 
622™+! 
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B A 



fbn ■■■ 




6l2«+l • 




\b 21 ■■■ 


b 22 n-l 


6 2 2»+l 1 




I 12™- 1 +1 ' 


bi2 n 


0i2»+2 n ~ 




'22 n ~ 1 +l ' 


b 22 n 


&22 n +2 n ~ 





&12™+2 n_1 
&22™+2 n ~ 1 



6l2«- 1 +l ' ■ ' &12 n ^12 n +2 n " 1 +l ' ' ' &12 n + 1 
&22"- 1 -!-! ' ' ' &22™ 622™+2™- 1 + 1 " " " b 22 n+l 



Then A = [Ax A 2 ] and 5 = [Bi B 2 ] ■ Notice that 

r +1 ]({e\,el,x}^) = 

[C +1 ]({e\} x {e},e 2 ,a;r)]Jr +1 ]({e 2 } x {e{, ]J[r +1 ]({z} x Re^D 

and x {e^,*}"), [e +1 ]({e^} x {ej,^,*}"), x {ei, 

have exactly 3 n elements, respectively. 

Since AX = BX for each X G [£ n+1 ]({e\} x {e\, e\, x} n ) , [A X ]X = [B^X for each 
Xe[^]({e\,elxy). 

Similarly, since AX = BX for each X G [C +1 ]({4} x {e}, 4, x} n ), [A 2 }X = [B 2 ]X 
for each X G [C]{{e\,e l 2 ,x} n ). 

Also, since AX = BX for each X G [£ n+1 ]({e\, e\, x} x {e^} x {e\, e\, x}"" 1 ), 
[A 3 ]X = [B 3 ]X for each X G [i n \{{e\, e\, x} n ) . 

Similarly, since AX = BX for each X G [C +1 ]({e\, e 2 , x} x {e^} x {e}, e\, x}"" 1 ), 
[A 4 ]X = [S 4 ]X for each X G [£"]({e}, e£, rr} n ). 

By induction hypothesis, we have 

[A,] = [flx], [A 2 ] = [S 2 ], [A 3 ] = [S 3 ], [A 4 ] = [B 4 \. 

Hence, A\ = eB\ and A 2 = e'B 2 for some e, e' G {1,-1}. Now, we claim that, if 
ee' = — 1, then £?i or B 2 is the 2x2™ zero matrix. 

Suppose that ee' = —1. Without loss of generality, we may assume that 

Ai = Bi and A 2 = -B 2 . 

Suppose that Bi is not the 2x2" zero matrix. Then there is % G {1, . . . , 2™} such 
that 



b 2i ) * \o 



Case 1. If 1 < % < 2 n -\ then ( ? 12 " +1 ' ' ' ? 12 " +2 " 1 ) is the 2 x 2 n ^ zero matrix 

y0 22 n_|_l • • • 22 n +2 n-l J 

since [A 3 ] = [B 3 \. We claim that ( Ji2»+2»-i+i • • • &i2»+i \ ig alg0 the 2 x 2 „-i zerQ 

\p22 n +2 n - 1 +l ' ' ' 22 n+i J 



matrix. 
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Suppose that ( ^+2-1+1 



is not the 2x2™ zero matrix. Then 



there is j G {2 n + 2™- 1 + 1, . . . , 2™ +1 } such that ^ (^j . 



Since [A 4 ] = [B 4 ], 



is the 2x2™ zero matrix. In this case, 



• <T2« 
' J 22 n - 1 +l ' ' ' ^22" 

the fact that AX = BX for each X e [£ n+1 ]({e}, e\, x} n+1 ) implies 



021 



fell 
&21 



ai2"-l a 12 n +2 n - 1 +l 
Q-22 n ~ 1 <3-22™+2 n - 1 +l 

6 12 n-i &12 n +2 n " :L +l 
022"- 1 022™+2 n - 1 +l 



(X^2 n +! 
Q>22 n + 1 

b\2 n + l 
&22 n + 1 



for each X e [£™]({e], e.!,, 2;}™). Hence, by induction hypothesis, we have 



an 

021 

&11 
&21 



ai2«-l Q-12 n +2 n - 1 + l 

022™- 1 a 22 n +2 n ~ 1 +l 

6 12 ™- 1 fel2 n +2 n " 1 + l 

&22™- 1 &22 n +2 n - 1 + l 



Since A = £>i and A 2 = — _B 2 



&11 
&21 



&22»-l 



-6l2"+2"- 1 + l 
"&22 n +2 n - 1 + l 



Oil 
&21 



12 n-i 0l2 n +2 n ^ 1 + l 
622™- 1 &22™+2 n - 1 +l 



ai2«+i 

0221+1 
622"+! 



— &i2"+l 
— & 22 n+l 

&X2 n + 1 
6 2 2»+! 



Since 



6i, 



7^ 



6lOn. 



^12 n +2 n - 1 +l ' ' ' &12 n + 1 
^°2i/ \P J J \p22 n +2 n - 1 +l °22 n+1 / 

is a contradiction. Therefore, -B2 is the 2x2™ zero matrix. 
Similarly, we show the other case. 



is the 2 x 2™ zero matrix. This 



Case 2. If 2™" 1 + 1 < i < 2™, then 



matrix since [At] = [B4] . We claim that 
zero matrix. 

°12 n +l ' ' ' 0l2 n +2' 1 - 1 
5 22 n +l ' ' ' 022 n +2' 1 - 1 

is j e {2™ + 1, . . . , 2™ + 2™- 1 } such that 



'l2«+2"- 1 +l 
>22™+2™- 1 +l 
0l2«+l • 
&22"+l ' 



0i2 n + 1 
622™+! 
^12™ +2 n ~ 1 
^22 n +2 n_1 



is the 2 x 2™ 1 zero 



is also the 2x2 



n— 1 



Suppose that 



is not the 2 x 2™ 1 zero matrix. Then there 



b 2j * \or 
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is the 2x2" zero matrix. In this case, the 



'611 " 

fact that AX = BX for each X e [C +1 ]({e\, x} n+1 ) implies 



Since [A 3 ] = [B 3 



0i2»-! 
6991—1 



a 12"-i+l 
022«-l+l 



Q>12 n °12 n +l 
022" a 22 n +l 



a 12 n +2 n_ i 
°22 n +2 n -i 



X 



0l2"-i+l 
&22™-i+l 



b 2 2 n 



y 12 n +1 
i>22 n +l 



0l2"+2 n -i 
^22 n +2"-i 



X 



for each X e [^™]({e];, e^, rc} n ). Hence, by induction hypothesis and A x 
A 2 = — -B2, we have 



B 1 and 



6121-1+1 

&22«-!+l 



Wl2 n ~ u 12 n +l 
&22 n ~&22 n +l 



^12 n +2 n -i 
— &22 n +2 n -! 



Since 



6ij 

&2i 



7^ 



12"-l+l ■ 


&12" &12 


22"-l+l ■ 


6 2 2 n ^22 


&12"+1 ■ ' 


6l2n+2"-l 


&22™+l ' ' 


&22 n +2 n_1 / 



°12™+2 n -i 
&22™+2 n -i 



is the 2x2" zero matrix. This is a 



contradiction. Therefore, B 2 is the 2x2" zero matrix. 

Hence, for each case, we have A = [A 1 A 2 ] = \B\ B 2 ] = B. This proves the 



lemma. 



□ 



Remark that the invariant of an n-punctured ball tangle is a 2 x 2™ 'projective 
matrix' which means a matrix in PM 2X 2™(^)- To prove Theorem 3.2, we will show 
that the projective matrices send each of all possible 'projective column vectors' 
coming from ball tangle invariants the same value. Fortunately, there are ball tangle 



diagrams whose invariants are 





1 









1 


are 







1 




1 



respectively (See Figure 8). 



From this fact, we can say that n-punctured ball tangles have the same invariant 
if they are the same function on BT n . 

Theorem 3.2. Let n e N, and let h, . . . , k n e N U {0}, and let T n , T kli - l \ T k "^ 
be n, hi, ... , k n -punctured ball tangle diagrams, respectively. Then 



ifF kl (T kl <V) 



&11 
Hi 



h 1 

°l2 k i 

b l 

u 22 k i . 



u ll 
u 2l 



h n 
h n 

u 22 k ™ 



then 



pk^ hkn^rpn^pk^l) J*„(n)^ — j? n (T n ) [rj n ] (F kl (T kl ^) F kn (T*™( n ))) 

where [r) n ](F kl (T fcl «) , . . . , F k "(T k "^)) 
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en,2"i,...,2-"//Ll Ll \ /Ln Ln \\ 

S U^a^l) • • • i w a « 1 2 fc i/' ' ' ' ' V "L 1 ' ' ' ' ' «™ n 2 fe ™^ 

£n,2 i,...,2 ((fcl . . . ; ftl ) ; . . . ; (6^n i, . . . , 6" 2fcn )) 



1 lj = l W „ n,2 fc l,...,2* 
Uj = l W n „, 2 fcl,...,2* 



' fo i™ ni 2%)' • • • ' ( 6 2j,„l> • • • ' & a"„ n 2^)) 



,2 fc l ,...,2 k n 



rr ^ 

1A J' =1 „T,„T»,2*l,...,2* n 



llj = l U n n,2 fe l,...,2fen 

a, a ; 1,1 
ij 2*H — ^ n j 

rr ip ' ^ 

iA J=l „ n,2 fe l,...,2fen 



,2 fc l ,...,2^n i-i-j 



,2 k l ,...,2 k n 



,2 k l ,...,2 k n 



Proof. Without loss of generality, we may assume that hi, . . . , k n e N. 

Let T = T n (T fcl T fc "W), and let . . . , 5 (lfcl) , , 5 (nl) , . . . , B< nfc ») G 

with 



F o (jB (ii)) = 



'I 1 ' 
,ii 



,nl 
1 

,nl 



,...,F (5 (lfel) ) = 



,ifei 
'i 

,ifci 



. . . , F°(B^ nkn ^) = 



^1 
^2 



Then T^ 11 ), . . . , , B^ nl \ 

= T n (T kl W(B( u \ B^), T k ^ n \B^ nl \ an d 
F°(T(B( U \ B^\ , B( nl \ 

— F°(T n (T kl( - 1 \B^ 11 \ _ _ . . . . . . . ) 5(™ fc ™)))) 

= ^n(y>n^£ri](_pO(y'fci(l)(_g(ll) ) ^ £( lfe i))) ; . . . ; F°(T kni - n) (B^ , . . . , £( nfe ™)))) 
= ^n^n~)^n]^fei^i(l))[^i](_pO^(ll)^ _ _ _ , F° (B^)) , . . F kn {T kn{n) ) \^ kn ] 

(F°(£( nl ) ),..., F°{B ink ^))) = 



F n (T n )[C}( 



bl 



21 



12 fe l 

b 1 

u 22 k i 



1 lj=l V *1 



7 11 

(.71 

J 21 



y 12 fc « 
Ln 

J 22 k n 



T\ kn v nj 

1 1.7=1 



n>3 
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F n (T n )[C}( 



6hn 



i j . 



& n E-i «h, - 



ij=i 



hi 



+ ft 1 



n 



hi 



hi 



2*1, 



"6fi n fei 



+ 



+ 6 n 



n 



12 fc " llj'=l 



Ln rrfen ry 

°21 11 7 = 1 "fcn + 



2*^ 



-I- h n 



) 



r , 2fel ,..., 2 - ((6 l 



^n,2 fc i,...,2^ 



• '^2*1)' ' ' ' ' ^"L 1 ' ' ' -'^a?„2fcr.)) 

• ' ^a" 2«=l)' • • • ' (^a™ 1> • • • ) ^a" 2 fc n)) 



X 



!J 2 fc lj lj 2 fc »3 

£n,2 ,...,2 ((ftl„^ 1) . . . ; 6^ 2fcl ), . . . , (&2y n l> • • • > ^Q» n 2 fc ")) 
£ra,2 fc l,...,2*"/YLl Ll \ /Ln Ln \\ 



rn,2 fc i,...,2 fe ™ //Ll 



(( & a« ni l> • • • 2 fc i )' • • • ' ( ft «;„l' • • • ' & a?„„2«=n)) 



fc i ^ 

*i 



nil 



2 K lj. 



nti 



X 



11 7 = 1 y „fer. 



rt,2 fc i,..,2 fc M/il Ll \ /Ln 

S U°a"l> • • • ) ° a «2*J' • • • ' ^a?„l' 

tn,2 fc i,...,2 fc «//Ll Ll \ /Ln 

S U w a;, 1' • • • ) ° Q ™ 9 fc lJ' ' ' ' ' 



£n,2 1.....2 "((ft*^, . . . ,6^„ ni2fel ), • • • , (&S™ n „l> • • • > & a"„ n 2fcn)) 



X 



THE INVARIANT OF n-PUNCTURED BALL TANGLES 



n kl u lj ■ ■ ■ V\ kn - 2 o, n ~ 2 ^ Y\ kn 1 i, n ~ lj V\ kn D nj 
a lj «lj «lj a lj 

n kl . . . Y\ kn - 2 7>™~ 2 - 7 Y\ kn - 1 7> n ~ 1 - ? ' M kn v n i 

] = l7l llj = l ^ fc„-2 1 lj = l U k n~l llj = l U a k n 

a lj a l 3 a lj a 2j 



n fel 7, 1 -?' . . . TT fcn - 2 7I™ -2 - 7 TT^- 1 7)™" 1 - 7 TT fcn 7i™- ? 

lj 2 k n 

TT /,:| i, 1 ^ . . . TT fen - 2 7i™~ 2jl TT^™- 1 ii™" 1 -' Y\ kn n nj 

j=l V a H 1 lj=l U *„_ 2 1 lj=l V fc„-l 1 lj=l *„ 



nix 



V 1 



V 



nkn-2 „,n—2j 
2 k lj "2 k ^-2j 



\k n -i n n-lj y~[k n n nj 

2 K n-l j 2 kn J 



^fci+-+fe„^^fei+-+fcn]^_po^_g(ii)^ _ _ _ . . . ,F°(B^ r ' 

Notice that there are ball tangle diagrams B^\B^ 2 \B^ such that 



F°(BW) 



,F°(BV>) 



,F°(BV>) 



, respectively (See Figure 



Therefore, by Lemma 3.1, 

pk ± -\ \-k n (rpn(rpki{l) rpk„(n)y^ 

pn,2 k l ,...,2 k ™ (til ll \ ( h n W \\ 



pn(rpn^ 



tn,2 k l ,...,2 kn ( (ll 7 1 \ /,„ , n \\ 



£n,2 k i,...,2 k "(( h l 



(( & a£ ni l> • • • > & < ni 2 fc l)' • • • ' ( & S™„„1> • • • > 6 ^ n 2*»)) 
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FT t? 



FT ft J 

TT n ft j TT n h j 

lij=l „ n,2 fc l,...,2fcn 1 lj=l " „ „,2 fe l ,...,2 fe n 



FT ft J TT n ft J 

1 lj"=l „ n,2 fc l,...,2fcn 1 lj=l U „ „,2 fe l ,...,2** 
a 2 n j a lj a 2 n j a 2j 

= F n (T n )[r] n ](F kl (T* 1 ^)) , . . . , F kn {T kn ^)). 
This proves the theorem. 



n n ft j 

a li Q 2 fe 1 + ...+fe nj 



n.2 k l ,...,2 fe n 
a 2j a 2 fc 1 + ...+fc„ . 



n,2 fc l,...,2*i 
Q 2™i a 2 fc 1 + --- + fc„ J J 



□ 



Let us give the following example. 

Suppose that T 3 , T 1 ^ 1 ), T 1 ^, T 1 ^ are 3, 1, 1, 1-punctured ball tangle diagrams such 



that 



F 3 (T 3 ) = 



a ll a l2 Ol3 °14 Ol5 °16 a 17 a 18 
021 «22 ^23 024 a 25 °26 a 27 a 28 



F 1( T K1)) 



'ft 1 ft 1 

°11 "12 

ft 1 ft 1 

°21 u 22 



"ft 2 ft 2 ' 

u ll u 12 

h 2 h 2 

u 21 u 22 



bl b 3 2 
h 3 ft 3 

u 21 u 22 



, F l (T l W) 

respectively. Then T 3 ^ 1 ^, T 1 ^, T 1 ^) is a 3-punctured ball tangle diagram and 
^3^3^1(1)^1(2)^1(3)^ = F 3 (T 3 )[r] 3 ](F 1 (T 1( - 1 ^), F^T 1 ^), 



On Ql2 Ol3 &14 Ql5 Oi6 ai7 Oi8 
a 21 a 22 a 23 a 24 &25 a 26 °27 a 28 



'ft 1 ft 2 ft 3 
°11 11°11 

ft 1 ft 2 ft 3 

ft 1 ft 2 ft 3 
°11°21°11 

ft 1 ft 2 ft 3 
11°21°21 

ft 1 ft 2 ft 3 
°21°11°11 

ft 1 ft 2 ft 3 
°21°11°21 

ft 1 ft 2 ft 3 
21°21 w ll 

ft 1 ft 2 ft 3 



ft 1 ft 2 ft 3 
°11°11°12 

ft 1 ft 2 ft 3 
11°11°22 

ft 1 ft 2 ft 3 
°11°21°12 

ft 1 ft 2 ft 3 
°11°21°22 

ft 1 ft 2 ft 3 
°21°11°12 

ft 1 ft 2 ft 3 

ft 1 ft 2 ft 3 
U 2V J 2V J \2 

ft 1 ft 2 ft 3 
21 21 u 22 



ft 1 ft 2 ft 3 
°11°12°11 

ft 1 ft 2 ft 3 
°11°12°21 

ft 1 ft 2 ft 3 
°11°22°11 

ft 1 ft 2 ft 3 
°ll°22 w 21 

ft 1 ft 2 ft 3 
°21°12°11 

ft 1 ft 2 ft 3 
U 2V J \2 U 2\ 

ft 1 ft 2 ft 3 
u 21 u 22 u ll 

ft 1 ft 2 ft 3 
°21°22°21 



ft 1 ft 2 ft 3 
°11°12°12 

ft 1 ft 2 ft 3 
11°12 U 22 

ft 1 ft 2 ft 3 
°ll 22 w 12 

ft 1 ft 2 ft 3 
°ll 22 w 22 

ft 1 ft 2 ft 3 
u 21 u 12 u 12 

ft 1 ft 2 ft 3 
°21°12 u 22 

ft 1 ft 2 ft 3 
u 21 u 22 u 12 

ft 1 ft 2 ft 3 
w 21 w 22 w 22 



ft 1 ft 2 ft 3 
°12°11°11 

ft 1 ft 2 ft 3 
°12 11°21 

ft 1 ft 2 ft 3 
°12°21°11 

ft 1 ft 2 ft 3 
°12 21°21 

ft 1 ft 2 ft 3 
°22°11°11 

ft 1 ft 2 ft 3 
22°ll w 21 

ft 1 ft 2 ft 3 
u 22 u 21 u ll 

ft 1 ft 2 ft 3 
u 22 21°21 



ft 1 ft 2 ft 3 
°12°11°12 

ft 1 ft 2 ft 3 
°12°11°22 

ft 1 ft 2 ft 3 
12°21 w 12 

ft 1 ft 2 ft 3 
w 12°21 w 22 

ft 1 ft 2 ft 3 
u 22 v \\ u \2 

ft 1 ft 2 ft 3 
u 22 u ll "22 

ft 1 ft 2 ft 3 
"22 u 2l"l2 

ft 1 ft 2 ft 3 
w 22 w 21 w 22 



ft 1 ft 2 ft 3 
°12°12°11 

ft 1 ft 2 ft 3 
°12°12°21 

ft 1 ft 2 ft 3 
°12°22°11 

ft 1 ft 2 ft 3 

ft 1 ft 2 ft 3 
U 22 V \2 U \\ 

ft 1 ft 2 ft 3 
u 22 u 12 u 21 

ft 1 ft 2 ft 3 
u 22 u 22 u ll 

ft 1 ft 2 ft 3 
w 22 w 22 w 21 



ft 1 ft 2 ft 3 ' 
°12 w 12°12 

ft 1 ft 2 ft 3 

ft 1 ft 2 ft 3 
°12°22°12 

ft 1 ft 2 ft 3 
°12 w 22 w 22 

ft 1 ft 2 ft 3 
u 22 u 12 u 12 

ft 1 ft 2 ft 3 
u 22 u 12 u 22 

ft 1 ft 2 ft 3 
u 22 u 22 u 12 

ft 1 ft 2 ft 3 
U 22"22"22J 



Next, let us consider '(outer) connect sums' of various n-punctured ball tangle 
diagrams and their invariants. They will be also very useful when we compute invari- 
ants of complicated tangles. Given k\ and ^-punctured ball tangle diagrams T kl ^ 
and T k2 ^ 2 \ we denote the 'horizontal' and the 'vertical' connect sums of them by 
7*1(1) +h T k 2 (2) and T k l( i) +v T fc 2( 2) ; respective i y (gee Figure 7). 
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-*2(2) 




-*2(2) 



Figure 7. Connect sums of punctured ball tangles, 
a) T fc iM + h T fc 2(2), b ) T fc id) +w r fc 2( 2 ). 



Theorem 3.3. Let h,k 2 6 NU {0}, and fe* T klil \T k2( ^ be h,k 2 -punctured ball 
tangle diagrams, respectively. Then 

bu b l2 ■■ ■ b 12 k 2 



if F kl (T kl W) 
then 



a n ai2 • • • a 12 k 1 
a-21 a-22 • • • a 2 2fei 



and F k2 (T k2 ^) 



b 2 i b 22 



~> 22 k 2 



(2) F kl+k2 {T kl ^ + v T k ' 2 ^) 



aub 2j + auhj 

&2ib 2 j 



J=l,...,2*a/ i=,,*i. 



=l,...,2 fc l 



Proo/. We denote F°(B^ + h B^) by F°(B^) + h F°(B^) and F°(B ( - 1 ^ + v B^) by 
F ^ 1 )) +„ F°(B<V) if 5W, S( 2 ) G BT. 

(1) Let T = T fcl « + fe T* 2 ^, and let B^\ B^, B^ e BT with 



F°(BW) 



F°(BW) 



vl 1 



vf 
v 21 



,F°(B (lkl) ) 



,F°(B (2k2 ^) 



v 1 ^ 



,2k 2 
T 

,2k 2 



Then T( J B( 11 ), . . . , B^\ B^ 21 \ . . . , 5^)) 

= 7*1(1) (£("), . . . , S( lfe i)) + A T k >M(B( 21 \ B^) and 
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F°(T(B^\ B^ 21 \ B {2k ^)) 

= i?0( T fci(i)(£(ii) ; . . . ;J B( lfc i)) + h T fe2 ( 2 )(s( 21 ), . . .,B (2k2) )) 

= ^0^(1) (5(11) ; . . . ;J B( lfc i))) + A F°(T k ^ 2 \B ( - 21 \ . . .,B^)) 

= F fel (T fel ( 1 ))[^ 1 ](F°( J B( 11 )), . . . ,F°(5( lfel ))) 
+fc irfc2(r* 2 (2))^fc 2 ](irO( S (2i)) j _ _ ^ F°(5( 2fc2 ))) 



an 

«21 



a 12*l 
a 22*i 



1 1.7=1 V *i 



2*lj 



+ h 



hi 

hi 



fc 2 „2j 



ni^. 



/ 2 

2*2., 



a 2i n*ii u Ji h 1- a 22"i YlT=i v % 



2*1 7 



2*1 i 



fc 2 2j 



hiUT=i v 



& 22*2 U%1 



2*2, 



2*2, 



011&21 + a 2 l&H 
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^11^22*2 + ^21^12*2 ^21&22 fe 2 



a 12 fei&21 + ^22^1 »11 a 2 2fei&21 



a 12*l^22*2 + a 22*l^l2*2 a 22*i^22*2 



n-Li^ nr=i 



fc 2 2j 



/ 2 

2*2,' 



2*1 i 2*2 j 



r fe 2 2j 



= F fei+fe2( T )[^i+fc2]( F 0( jB (ii)^ _ _^ F°(B^), F (BW), F°(B<> 2k *))). 
Notice that there are ball tangle diagrams B^\B^ 2 \B^ such that 



,F°(BM) 



, respectively (See Figure 
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aub 2 j + a 2 ihj 



i=l,...,2*l 



(2) Similarly, we can show that 
This proves the theorem. 



aubij 



i=l,-,2 fc 2/i=l,...,2% 



□ 



Notice that each of the horizontal connect sum and the vertical connect sum of 
punctured ball tangles is associative but not commutative. However, their invariants 
are not changed. 

Corollary 3.4. Let k u k 2 G NU {0}, and let T kl ^\T k2 ^ be k 1 , k 2 -punctured ball 
tangle diagrams, respectively. Then 

(1) F kl+k2 (T fcl(1 ) + h T k2 ^) = F k2+kl (T k ' 2 ^ 

(2) pki+k^ fj'hil) _|_^yfc 2 (2)^ _ pk 2 +k 1 (rpk2{2) _|_^ rpki{l)\ 

From now on, we denote simply by F and / for F 1 and F°, respectively. The 
following corollaries of our main theorems are for the invariants of ball tangles and 
spherical tangles. 



Corollary 3.5. If A, B G PM 2x2 (Z) and 



A 



B 



A 



B 



A 



B 



, then A = B. 



Corollary 3.6. // S« , G ST, then F(S^(S^)) = F(S^)F{S^). 



Corollary 3.7. If G BT with f(B& 



and f(B<®) 



, then 



(1) + h B^) 



ps + qr 
qs 



(Krebes 0), (2) + v B^) 



Corollary 3.8. If B G BT with f(B) 



and S e ST with F(S) 



pr 
qr + ps 

a 7 
(3 5 



, then 



(1) F(B + h S) 



p(3 + qa p5 + qj 
q(3 qd 



, (2) F(B + v S) 



pa pr) 
qa + p(3 g7 + p5 



A connect sum of two spherical tangles is a 2-punctured ball tangle, so it has a 2 x 2 2 
matrix in PM 2x2 2(7j). As a corollary of Theorem 3.3, we give one more statement as 
follows. 
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Corollary 3.9. // G STwithF(S^) 

(1) F 2 (S^ + h S^) 

(2) F 2 (SW +v 



p r 
q s 



andF(SW) 



a 7 
P 5 



, then 



p/3 + qa p5 + q^ rj3 + sa r5 + 
qf3 q5 s/3 s5 



pa p7 ra r*y 

qa + p/3 g7 + pS sa + r/3 S7 + r8 

Let us calculate the invariant for each of the ball tangles and the spherical tangles 
in Figure 8. 



1. The fundamental ball tangles a and b have invariants 

2. The ball tangle c has invariant 

3. The spherical tangle d is I and has invariant 

4. The spherical tangle e has invariant 

5. The spherical tangle / has invariant 



Y 




"0" 





and 


1 



, respectively. 



1 
1 



T 




1 0" 




1 0" 


l 




1 




1 1 


Y 




"l o" 




"l f 





+h 


1 1 









fundamental ball tangle 1 





fundamental ball tangle 2 





a crossing ball tangle 




identity spherical tangle / C +v Q a e 

Figure 8. Ball tangle diagrams and spherical tangle diagrams. 
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When we denote the statement that n-punctured ball tangles T n ^> and T n ^ 
induces the same function from BT n to BT by T n W ~ T n ^ and F n (T n ^>) = 
pn(rp n (2)^ rp n {i) ^ rp n {2) ^ ^ an j ^ are c i ear iy equivalence relations on nPBT and 

we have 

rpn(l) rsj rpn(2) ^ rpn(l) ^ rpn(2) ^ rpn(l) ^ rpn(2) 

The first implication comes from the definition of = and the second implication is 
proved by Theorem 2.14 and Lemma 3.1 immediately. 

Notice that neither the converse of the first implication nor that of the second 
implication is true (See Figure 9). In particular, the spherical tangles C and D in 

\3 Ol 

Figure 9 have the matrix g 3 as invariant. For another nonzero matrix invariant, 

we can take the spherical tangle A in Figure 9 and a spherical tangle B' obtained from 
a single twist of the hole of A. We easily know that A and B' are different functions. 
However, A and B' have the same invariant. By these reasons, we may consider the 
equivalence relation ~ instead of = for our n-punctured ball tangle invariant. 

This aspect is quite similar to that in Algebraic Topology in the sense as follows: 

If X and Y are pathconnected topological spaces, then 

X = Y X ~Y =>■ X ~ Y, 

where X = Y, X ~ Y, and X ~ Y mean the statements that X and Y are topolog- 
ically equivalent, X and Y are homotopically equivalent, and iri(X) and ni(Y) are 
isomorphic, respectively. 
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Lemma 3.10 (J.-W. Chung and X.-S. Lin [3]). Let J be the spherical tangle shown 
in Figure 10. Let VxiViiVziVa oe ihe number of half twists inside of the balls marked 
by 1,2,3,4, respectively. Then 



F(J) 

Therefore, 



P1P2P3 + P1P2PA + PiPzPa + P2P3P4 
P1P2 + P1P4 + P3P2 + P3P4 



-PlP3 ~ PlPi - P2P3 ~ P2Pi 
~Pl -P2-P3-P4 



det F(J) = (pip 4 - p 2 P3) 2 - 



This is by a direct calculation. 

Now, let us indicate a direct way to compute the invariant F( J) of the spherical 
tangle J in Figure 10, in the special case of pi = P2 = P4 = —4 and p 3 = 2. 
Check with the formula in Lemma 3.10. Suppose that T 5 , B^,B^ 2 \ B^\B^ are the 
5, 0, 0, 0, 0-punctured ball tangle diagrams in Figure 10, respectively. Then 

J = T\B^,B^,B^,B^,I). 

By Theorem 3.2, F(J) = ^(T 5 )^/ f(B&), f(B&>), f(B&), F(I)). 



We have = f(B^) = f(B^) 



and f(B^) 




Figure 10. The spherical tangle J. 
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Figure 11. A decomposition of the spherical tangle J. 

First, let us compute F 5 (T 5 ) as the following steps: 
1) The matrix 



2- r > 



IS 



/0010 1000 1001 0100 1001 0100 0000 0000 
^0000 0010 0000 1001 0010 0001 1001 0100 



2) Let 
F 5 (T 5 ) 



-iYHz(T") 



(-iy*z(T*) 



z e $ hM 2x2S (Z). 



2- r » 



Then the sequence (tk)i<k<2 & of exponents of —i is 

0112 1223 1223 2334 1223 2334 2334 3445. 
Therefore, by taking z = ±i, we have the invariant F 5 (T 5 ) as follows. 



0010 1000 100 - 1 - 100 100 - 1 - 100 0000 0000 
0000 0010 0000 100 - 1 0010 000 - 1 100 - 1 - 100 



Second, we compute h 5 ](/(B (1) ), /(B (2) ), /(B (3) ), /(B (4) ), and describe it 
row-by-row as follows. That is, each pair of the following means a row of the matrix 
[v 5 ](f(BW),f(B^),f(B^),f(B^),F(I)). 

128 0; 128; -32 0; - 32; 64 0; 64; -16 0; - 16; 



-32 0; -32; 8 0; 8 
-32 0; -32; 8 0; 8 
8 0; 8; -2 0; -2 



-16 0; - 16; 4 0; 4; 
-16 0; - 16; 4 0; 4; 
4 0; 4; -1 0; - 1. 



28 



JAE-WOOK CHUNG 



Therefore, 

F(J) = F 5 (T 5 )[ V 5 ](f(B^),f(B^), f(B^), F(I)) 

"-32 + 64- 32 + + 0- 32 + + + + 0- 8 + 16 + 0- 8 + 16 
-16-16 + + 8 + + 8 + + + 0- 4 + 0- 4 + + 2- 4 

-32 16 ' 
l -16 -10 

Also, we have 

detF(J) = (-32)(-10) - 16(-16) = 576 = 24 2 . 
Thus, det F(J) is a square of integer. 
We generalize lemma 3.10 as follows. 

Theorem 3.11. Let T 5 be the 5-punctured ball tangle shown in Figure 11, and 



let B® he ball tangles with f(B®) 

T 5 (BW,BV),B®,BW,I). Then 

F(X) = [ 
Also, we have 

det F(X) = {piq 2 qzPA - <?iM?3<?4) 2 



PlP2P394+PlP2<?3P4+Pll32P3P4-|-l3lP2P3P4 -Pig2P3<?4-Pl92g3P4-<?lP2P3<?4-giP2g3P4 
PlP2'/3'?4+Pl<J2<j3P4-|-'?lP2P3<?4-|-'?ll32P3P4 -Pl<32<J3<?4-<3lP2<33<34-<71<J2P3<?4-<31<32<33P4 



for each i G {1,2,3,4}. Let X = 

]■ 



The proof of Theorem 3.11 is quite similar as above for Lemma 3.10. Its proof is 
left to the reader. Notice that the determinant of F(X) is also a square of integer. 






, 22 



Figure 12. A spherical tangle S cannot be decomposed in terms of connect sums. 
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As another example, let us consider the spherical tangle diagram S in Figure 12. 
Remark that the Kauffman bracket is a regular isotopy invariant of link diagrams. 
By the definition of invariant, we have 

"5 -i 



-11 



Hence, det F(S) = —55 — (—64) = 9. That is, detF(S') is a square of integer. 
However, it seems that S can not be decomposed in terms of connect sums although 
we are not able to prove this fact. 

For convenience, we use the following notation throughout the next section: 

(1) The subscripts 1,2 of ball tangles or spherical tangles will no longer used to 
denote different kinds of closures. They will be used simply to distinguish different 
ball tangles or spherical tangles. 

(2) PM 2 = PM 2xl (Z) and PM 2x2 = PM 2x2 (Z). 

4. The Elementary operations on PM 2x2 and Coxeter groups 

In this section, we introduce the group structure generated by the elementary 
operations on PM 2x2 induced by the elementary operations on ST. 

Let us introduce the elementary operations on ST. Remark that a spherical tangle 
has exactly 2 holes which are inside and outside. 

Definition 4.1. [4]. Let S be a spherical tangle diagram. Then 

(1) S* is the mirror image of S, 

(2) S~ is the spherical tangle diagram obtained by interchanging the inside hole 
with the outside hole of S, 

(3) S ri is the spherical tangle diagram obtained by only rotating inside hole of S 
90° counterclockwise on the projection plane, 

(4) S 1 " 2 is the spherical tangle diagram obtained by only rotating outside hole of S 
90° counterclockwise on the projection plane, 

(5) S R is the spherical tangle diagram obtained by the 90° rotation of S itself 
counterclockwise on the projection plane. 

Note that S r2 = S^-, S ri = S^', and S R = S rira = S r2Ti for each S G ST. 



Lemma 4.2. |4]. If S E ST with the invariant F(S) 



a 7 
P 5 



(1) F(S*) 
(4) F{S r2 ] 



a —7 
-P 5 



-P 

a 



-5 

7 



, (2) F(S-) 
, (5) F(S R ) 



5 7 
P a 



, (3) F(S 



TV 



, then 

—7 a 
-5 p 



5 -p 
—7 a 
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mirror image of S 






Figure 13. Elementary operations on ST. 



Proof. Let S e ST with F(S) 



a 7 
(3 5 



. Then there is u e $ such that (S n ) 



au, 



a 7 




(3 5 





(Su) = liu, (S21) = (3(—i)u, (S22) = Su. Here the link SV,-, i,j G {1,2}, is obtained 
by taking the numerator closure (i — 1) or the denominator closure (i = 2) of S with 
its hole filled by the fundamental tangle j. Therefore, 

u~ 1 i[3(—i)u u^Su 

Now we have 

(1) (S* n ) = au- 1 , (S* 12 ) = 7 (m)- 1 , (S* 21 ) = P{-iu)~\ (S* 22 ) = Sn' 1 

(2) (S n ) = (S 22 ), (5f 2 > = (S 12 ), (S 21 ) = (S 21 ), (S 22 ) = (S n ), 

(3) (S r A) = (S l2 ), (S£) = (S n ), (5£> = (S 22 ), (S%) = (S 21 ). 

5 7 

(3 a 



Hence, 



a —7 
-/3 5 



, F(S^) 



-7 a 
-5 (3 



Since S r2 = S~ ri - and S R = S rir2 , (4) and (5) are easily proved by (2) and (3). □ 

Like the case of ball tangle operations and invariants, it is convenient to use the 
following notations. 



Notation: Let 
[L) (3 S 



a 7 
(3 5 



a —7 
-f3 5 



E PM 2x2 . Then 
,(2) 



a 7 
(3 5 



5 7 
(3 a 



,(3) 



a 7 
(3 5 



-7 a 
-5 (3 



(4) 



a 7 
(3 5 
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-13 -5 
a 7 



(5) 



a 7 
(3 5 



S -(3 
-7 a 



With these notations, we can write: F{S*) = F(S)*,F(S~) = F(S)~,F(S ri ) = 
F{S) r \F{S r2 ) = F{S) r2 ,F{S R ) = F(S) R if 3 G ST. 

The determinant function det is well-defined on PM 2x2 since det (—A) = (— l) 2 det A 
for each A G PM 2x2 . 

Notice that the 5 elementary operations on ST do not change the determinant of 
invariants of spherical tangles. 

Recall that F(S 2 o Si) = F(S 2 )F(S 1 ) if S 1; S 2 G ST (Corollary 3.6). 



BT 



f 



BT BT 



f 



BT 



BT BT 



f 



f 



f 



S 2 oSj 



BT 



f 



f 



F(S) * * F(Sj) * F(S 2 ) * * F(S°S.) 
PM m ► PM M PM 2 , 2 >PM m ► PM,, 2 PM M >. PM» 



Figure 14. Commutative diagrams of invariants. 



The following lemma shows the elementary operations on the composed spherical 
tangle. 

Lemma 4.3. [I]. If S h S 2 G ST, then 

(1) (s 1 o s 2 y = si o si (2) (s a o s 2 y = s 2 o 5f, (3) (Si o s 2 y> = s 1 o s r 2 \ 



(4) (Si o S 2 ) r2 = S[ 2 o S 2; (5) (Si o S 2 ) fi = Sf o S 2 K . 

Definition 4.4. An n x n matrix M is called a Coxeter matrix if M, 

Mi 



- 1 and 

v — Mji > 1 for all i,j G {1, . . . , n} with % 7^ j, where My is the (z, j)-entry of M. 
Definition 4.5. Let M be an n x n Coxeter matrix. Then a group presented by 

(xi, . . . , x n I (xiXjY 1 ^ = 1 for all i, j G {1, . . . , n} ), 
denoted by Cat, is called the Coxeter group with the Coxeter matrix M. 

Let us think of the 5 elementary operations *, — , r±, r 2 , R on PM 2x2 induced by the 
elementary operations on ST as functions from PM 2x2 to PM 2x2 , respectively. For 
convenience, we use the opposite composition of functions for the binary operation. 
For instance, —r\ means the composition no—. Recall that S r2 = S~ ri ~ , S ri = S~ r2 ~, 
and S R = S rir ' 2 = S r2ri for each S G ST and observe the followings: 
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Suppose that 



a 7 
(3 5 



e PM 2x2 . Then 



a 


7 




5 7 


ri 


—7 5 




' (3 5' 


ri 


'-5 (3 ' 


P 


5 




(3 a 


—a /5 




—a —7 


7 —a 



a 


7 




-7 






/3 a 


ri 


—a (3 




"-5 /3 " 





5 


-5 







—5 —7 


7 —<5 




7 —a 



and 





7 




5 7 




5 —7 


P 


5 




(3 a 


* 


— /3 a 



a 


7 




a —7 




5 —7 


J 9 


5 




-(3 5 




— (3 a 



and 



a 


7 


ri 


-7 


a 




—7 —a 


.0 


5 


-5 


P. 


* 


5 /3 



a 7 




ce 


-7 


ri 


7 a 


/3 5 








-5 -(3 


= n - 


- ri- 


- and 


— * 


= *- 


- and ri* 



Hence, we have —T\ — T\ 
and ** are the identity function from PM 2x2 to FM ; 



= *r\. Also, and t\T\ 

2x2- We show that the group 
generated by the elementary operations on PM 2x2 induced by those on ST has the 



group presentation (x,y,z\ 
which is a Coxeter group. 



x 



y 2 = 



= 1, xyxy = yxyx, xz = zx, yz = zy) 




Theorem 4.6. The group G(F) generated by the elementary operations on PM 2x2 
induced by those on ST has the group presentation 

(x,y, z\x 2 = y 2 = z 2 = 1, xyxy = yxyx, xz = zx, yz = zy). 

Furthermore, G(F) is isomorphic to the Coxeter group Cm with the Coxeter matrix 

/l 4 2 N 

M= 4 

V 2 

That is, 

G{F) = (x,y,z I x 2 = y 2 = z 2 = (xy) 4 = (yx) 4 = (xz) 2 = (zx) 2 = (yz) 2 = (zy) 2 = 1 ) . 

Proof. Let G = (x,y,z\x 2 = y 2 = z 2 = 1, xyxy = yxyx, xz = zx, yz = zy). 
Suppose that <fi : G — > G(F) is the epimorphism such that <f>(x) = — , (p(y) = r\, 
<f)(z) = *. We claim that Ker0 = {1}. Let W(x,y,z) be a word in Ker0. Then 
(p(W(x,y, z)) = W(—,ri,*) = IdpM 2x2 - Since x 2 = y 2 = z 2 = 1, we may assume 
that W(x,y,z) has no consecutive letters and no inverses of letters. Since xz = zx 
and yz = zy and z 2 = 1, we have either W(x,y,z) = W±(x,y)z or W(x,y,z) = 
W\(x,y) for some word W±(x,y) in {x, y}. We may also assume that W±(x,y) has no 
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consecutive letters and no inverses of letters. We show that W(x,y,z) ^ W 1 (x,y)z. 
If W(x,y,z) = W 1 (x,y)z, then W^-,^)* = Id PM2x2 - That is, Wi(-,ri) = *. 

Observe that 

-ri ^ *, -n- ^ *, -n-ri^*, 

n ^ *> 7^ *, n-n^*, n-ri-^*. 

By — ri — ri = r x — r x — and — 2 = r 2 = IdpM 2x2 , we have W 7 ^— , ri) 7^ *. This is a 
contradiction. Hence, W(x,y,z) 7^ Wi(x,y)z. Therefore, W(x,y,z) = W\(x,y) and 
the number of z in W(x, y, z) must be even. 

Since W 1 (x, y) has no consecutive letters and no inverses of letters, we have either 

there are k G N U {0} and R G {1, x, xy, xyx, xyxy, xyxyx, xyxyxy, xyxyxyx} 

such that Wi(x,y) = (xy) 4k R or 

there are k! G N U {0} and R' G {1, y, yx, yxy, yxyx, yxyxy, yxyxyx, yxyxyxy) 
such that Wi(x,y) = (yx) 4t R '. 

Also, since Wi(x,y) = W(x,y,z) G Ker0, we have either 

Id PM2x2 = W^-n) = (-rffiiR) or Id PM2x2 = W^-rJ = (n-) 4 *' 4>{R'). 

Similarly, as above, observe that 

— 7^ Id PM2x2 , ~ r 1 7^ IdpM 2X 2i ~ r i~ 7^ IdpM 2x2 , —f'l—f'x^ IdpM 2x2 , 

n^ldpM 2x2 , n- 7^ ldpM 2x2 , n - n ^ ld PM2x2 , n - n— ^ ld PM2x2 - 

Also, notice that 

— T\ — T\— —T\ — T\, —T\ — T\ — T\ = T\ — , 

-ri - ri - ri- = r x , -n - r x - r : - n = Id PM2x2 

and 

ri - ri - ri = -r x -, n - r x - r\- = -n, 

r 1 -r 1 -r 1 -r 1 = -, r\ - r\ - r\ - r\- = Id PM2x2 - 

Hence, we know that <f)(R) = ldpu 2x2 if and only if R = 1 and <f>(R') = ldpu 2x2 if 
and only if R' = 1. 

Since (-r x ) 4k = Id PM2x2 and (ri-) 4fc ' = Id PM2x2 , we have = Id PM2x2 and 

= Id PM . 2x2 . Hence, i? = 1 and /?' = 1. 

Therefore, Wi(x, y) = (xy) 4k or Wi(x,y) = (yx) 4k for some k G N U {0}. Since 
(xy) 4 = 1 and (yx) 4 = 1, W^x, y) = 1. That is, W(x,y,z) = 1. We have proved 
Ker0 = {1}. Hence, : G — > G(-F) is a group isomorphism and has the group 

presentation ( x, y, z \ x 2 = y 2 = z 2 = 1, xyxy = yxyx, xz = zx, yz = zy). 

Now, we show that G(F) is isomorphic to Cm- Since (xy) 2 = (yx) 2 , (xy) 2 (xy) 2 = 
(yx) 2 (xy) 2 and (xy) 2 (yx) 2 = (yx) 2 (yx) 2 . Since x 2 = y 2 = 1, (xy) 4 = (yx) 4 = 1. Also, 
since = zx, (xz)(xz) = (zx)(xz) and (xz)(zx) = (zx)(zx). Since x 2 = z 2 = 1, 
(xz) 2 = (zx) 2 = 1. Similarly, since yz = zy, (yz)(yz) = (zy)(yz) and (yz)(zy) = 
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(zy)(zy). Since y 2 = z 2 = 1, (yz) 2 = (zy) 2 = 1. Hence, the consequence of relators 
of Cm is contained in that of G(F). Conversely, Since (xy) 4 = 1, (xy) 4 (yx) 2 = (yx) 2 . 
Since x 2 = y 2 = 1, (xy) 2 = (yx) 2 . Also, since (xz) 2 = 1, (xz) 2 (zx) = zx. Since 



2 



1, xz — zx. Similarly, since (yz) 2 = 1, (yz) 2 (zy) = zy. Since y 1 



x 

yz = zy. Hence, the consequence of relators of G(F) is contained in that of Cm- 
Thus, G(F) is isomorphic to Cm- D 

We have just shown that the group G(F) is a Coxeter group. However, the group 
generated by the elementary operations on S T is not a Coxeter group because r% on 
ST has infinite order. 

On the other hand, we showed the determinant of invariant of a spherical tangle 
is a square of integer modulo 4 in [1]. However, it seems that the determinant is a 
square of integer even though we don't know how to prove it yet. 

APPENDIX: A guide to the nature of the calculations 

We have used so complicated notations to prove Theorem 3.2 which is our first main 
theorem that most readers would probably feel difficult to read the proof. However, 
to prove it precisely, we could not help using such notations. Here, as this appendix, 
we try to explain such complicated notations by concrete examples with motivations 
to help to understand our proof of it. Also, we introduce examples for the calculation 
of invariant of connect sums looked like addition of fractions. 

To explain the calculation process, we use elementary well-known facts, in par- 
ticular, expansion of product of several polynomials by dictionary order, and finite 
sequences on the set {1, 2} which are combinations of our binary digits 1 and 2. 

1. Examples of finite sequences on {1,2}: 

For elements of linearly ordered set J(n) by dictionary order, we write as follows. 

«i = (l), a£x = (2). 

a? = (11), a 2 2 = (12), a 3 2 = (21), a& = (22). 

a\ = (111), a! = (112), af = (121), a\ = (122), 
ajj = (211), ajj=(212), a? = (221), a 2 3 3 = (222). 

at = (11H), a4 = (1112), a| =(1121), a\ = (1122), 

a* = (1211), a| = (1212), a* = (1221), aj = (1222), 

a4= (2111), c4 = (2112), c4 = (2121), c4 = (2122), 

a4 = (2211), a4 = (2212), a4 = (2221), = (2222). 
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Also, some examples of coordinates of above sequences are as follows. 



a-. 



e 72 — a 32 — x > "2 3 2 _ ^) "74 

2. Examples to key idea (motivation to dictionary order): 

When we expand a product of several polynomials, we can use the dictionary order 
as described. One of very complicated functions [rf 1 ] which is the key for the proof of 
Theorem 3.2 is based on the dictionary orders by which we expand the products of 
several polynomials. 

Let us explain the following two examples which involve our idea for the main 
theorem. 

(1) When n = 2,h = 2 1 , k 2 = 2 1 , 

(aixi + a 2 ix 2 i){b 1 yi + b 2 iy 2 i) = ai&iZiyi + a^ix^i + a 2 ibix 2 iyi + a 2 ib 2 ix 2 iy 2 i 

( xiyi \ 
xiy 2 i 



1. 



"232 



On 



1. 



4 

«24 3 



2. 



= (ai&i a±b 2 i a 2 ib\ a 2 1 ^2 1 ) 



x 2 m 



= e 2 ' 2l ' 2l ((a!,a 2l ), (61,621)) e 2l > 2 \(xux 2 >), (yuy^Y- 
(2) When n = 3, h = 2 1 , k 2 = 2 2 , k 3 = 2 2 , 

(aixi + a^x^bxyi + b 2 y 2 + b 3 y 3 + b 2 2y 2 2){c x zx + c 2 z 2 + c 3 z 3 + c 2 2Z 2 2) 
= a-JixCxXiyiZi + a i bic 2 xiy l z 2 + a 1 b i c 3 Xiy l z 3 + a 1 b i c 2 2X 1 y l z 2 2 
+a 1 b 2 c 1 x 1 y 2 z 1 + a\b 2 c 2 x x y 2 z 2 + a x b 2 c 3 x x y 2 z 3 + a x b 2 c 2 ix x y 2 z 2 2 
+a x b 3 CiX\y 3 Zx + a 16302X11/3,22 + a x b 3 c 3 Xiy 3 z 3 + (2163022X12/3,222 
+ai6 2 2Cia;ii/22-2i + ai6 2 2C 2 Xi?/22-22 + 0162203X11/22-23 + aib 2 2C 2 2X 1 y 2 2Z 2 2 
+a 2 ib 1 c 1 x 2 iy l z l + a 2 ^bxC 2 x 2 ^yxZ 2 + ^b\C 3 x 2 xy x z 3 + G^^a^l/i^ 2 
+a 2 i6 2 Cia;2it/2-2i + a 2 ib 2 c 2 x 2 iy 2 z 2 + a 2 ib 2 c 3 x 2 iy 2 z 3 + a 2 ib 2 c 2 2X 2 iy 2 z 2 2 
+a 2 ib 3 c 1 x 2 iy 3 z 1 + a 2 ib 3 c 2 x 2 iy 3 z 2 + a 2 ib 3 c 3 x 2 iy 3 z 3 + a 2 ib 3 c 2 2X 2 iy 3 z 2 2 
+a 2 ib 2 2dx 2 iy 2 2Zi + a 2 ib 2 2C 2 x 2 iy 2 2Z 2 + a 2 ib 2 2C 3 x 2 iy 2 2Z 3 + a2i6 2 2C22X2i2/2 2 <22 2 
= ^ ,2l ' 22 ' 2 \(a 1 ,a 2 i), (61,62,63,632), (ci,c 2 ,c 3 ,c 2 2))x 
£ 3 ' 2l ' 22 ' 22 ((xi,x 2 i), (y u y 2 ,y 3 ,y 2 2), z 2 , z 3 , z 2 2))l 

3. An explanation of the proof of Theorem 3.2 by an example: 
Let us consider the following example. 

Suppose that T 2 , T 2{ - 1 \ T 1 ^ are 2,2, 1-punctured ball tangle diagrams such that 

p 2 (T 2 ^ — 0n ° 12 ° 13 ° 122 

°21 °22 a 23 °22 2 
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F ^ T 2(1)^ 



Ll Ll Ll Ll 
u ll °12 °13 °12 2 

^21 ^22 ^23 ^22 2 



J 22 



, F\T 



1(2^ 



ft 2 h 2 
°21 °22 1 



respectively. Notice that n — 2, k\ — 2, k 2 — 1. 

Let T = T 2 (T 2 W, T 1 ^)), and let S^ 11 ), £?( 12 \ £?( 21 ) G ST with 



F o (jB (ii)) 



'i 1 ' 



,F°(B< 12 >) 



'I 2 ' 

,12 



,F°(£?( 21 )) 



>i 21 ' 

,21 



Then T(B( U \B( 12 \BW) =T 2 (T 2 ^(B^ 1 \B^),T 1 ^(B^)) and 

F 0( T ( jB (ll) > 5(12)^(21))) =F (T 2 (T 2(l) (jB (ll) )jB (12) ))T l(2) (jB (21) ))) 
= F 2 (T 2 ) ^2 ](F (T 2(l) (jB (ll) )jB (12) ));F (T l(2) (jB (21) ))) 

= F 2 (T 2 )[e 2 ](F 2 (T 2 ( 1 ))[e 2 ](F°(fi( 11 )),F (fi( 12 ))),F 1 (T 1 ( 2 ))[e 1 ](F°(5( 21 )))) 



F 2 (T 2 )[£ 2 ]( 



&22 



61s 

&23 



ft 1 

°12 2 

°22 2 



n?=i<i. 



n 

ii5 



2j 
3 

J'=l "a 2 



lj 



3J 



lj 



2 2 7. 



ft 2 
°11 

ft 2 
°21 



b 2 

h 2 
°22 1 



n^i-5 



= F 2 (T 2 )[£ 2 ]( 



6ii n 



2 

J'=l 
2 

3=1 



lj 

V 2 

Q ?j 

lj 

V 2 
Q ?j 



& i 2 n 2 .i^ 

ij 

V 2 
*2j 



n j= i 



bi 3 n 2 



■ 4 



ft 1 

°12 2 



2l,- 



2 " 



& 22 2 n J= i u Q ; 



1.7 

2 

2 2 J. 



2,2 2 ,2 1 



2j ' 

V \ 
a i 



F 2 (T 2 ) 



£2,2^ ,2* ((lA Ll Ll 



?i3' 



^• 2l (fci.^ 2 ' & k 3^k 22), (P 2 v b 2 21 )) 



* 2 2l J 

r2 



2 2 1 



2 2 1 



* 2 2 2 J 



* 2 2 2 ^ 



X 



; 2 ' 22 ' 2l ((n 2 =i^,n-=i^ 



.i?=i^.n^^.).(n; =1 ^ ) n^^,)) 



F 2 (T 2 ) 



lj * "2j J " "3j J " 2 2j 

'^^((fcil,^,^,^),^!,^)) 
^ 22 ' 2l ((&h,&12,&13,& 122 ),(&ll,^ 2 0) 

e 22 ' 2 \(bl 1 M22,bls,bl 22 ),(b 2 u ,b 2 ul )) 
ie> 22 > 2 \{b\ l M 2 2^ 22 Mbl 1 ^))\ 



\e 22 ' 2 \ 



v\ l v\ 2 



V? 



THE INVARIANT OF n-PUNCTURED BALL TANGLES 



37 



F 2 (T 2 ) 



'b l b 2 
h 1 h 2 
b l b 2 

"2l"ll 

b l b 2 

"21 "21 



b l b 2 

"ll"l2 

h 1 h 2 

"ll"22 

b 1 b 2 

"2l"l2 

h 1 h 2 

"21 "22 



b 1 b 2 

"l2"ll 

h 1 h 2 

"12"21 

b 1 b 2 

"22"ll 

h 1 h 2 

"22"21 



b 1 b 2 

"I2"l2 

h 1 h 2 

"12"22 

b 1 b 2 

v 22 v \2 

h 1 h 2 

"22 "22 



b 1 b 2 
"l3"ll 

h 1 h 2 

°13°21 

b 1 b 2 

"23 "ll 

h 1 h 2 

"23 "21 



b 1 b 2 

"I3"l2 

h 1 h 2 

"13 "22 

b 1 b 2 

"23"l2 

h 1 h 2 

"23 "22 



b 1 b 2 

"l4"ll 

"14"21 

ft 1 ft 2 
"24"ll 

Z) 1 h 2 

"24"21 



ft 1 ft 2 ' 
"I4"l2 

Z) 1 /) 2 
"14"22 

ft 1 b 2 
"24"l2 

h 1 h 2 

"24 "22 



= F 2 (T 2 )[r ? 2 ](F 2 (T 2 ( 1 )),F 1 (T 1 ( 2 )))[^ 2+1 ](F ( J B( 11 )),F ( J B( 12 )),F ( J B( 21 ))) 
= F 2+1 (T)[e +1 ](F (B^),F (B^),F°(B^)). 
By Lemma 3.1, we conclude that 

F 3 (T) = F 3 (T 2 (T 2 W, T 1 ^)) = F 2 (T 2 )[7/ 2 ](F 2 (r 2 W), F^T^ 2 ))) = 



■up?;} 2 '?; 21 ' 

v\ l v\ 2 vl l 
v\ l v\ 2 v 21 
v\ l v\ 2 vl l 



(1\2 0-13 0-14 
&21 a 22 a 23 a 24 



h 1 h 2 
h 1 h 2 

"ll"21 

b 1 b 2 
b 1 b 2 

"2l"21 



h 1 h 2 

"ll"l2 

h 1 h 2 

"ll"22 

b l b 2 

"2l"l2 

b l b 2 

"21 "22 



h 1 h 2 

"I2"ll 

Z) 1 /) 2 

"12"21 

fr 1 ft 2 
"22"ll 

ft 1 b 2 
"22 "21 



h 1 h 2 

"12"12 

h 1 h 2 

"12"22 

b 1 b 2 

v 22 v \2 

b 1 b 2 

"22 "22 



h 1 h 2 
"13"11 

h 1 h 2 

"13"21 

b 1 b 2 

"23 "11 

b 1 b 2 

"23 "21 



h 1 h 2 

"13"12 

h 1 h 2 

"13"22 

b 1 b 2 

"23"12 

b 1 b 2 

"23 "22 



Z) 1 /) 2 
"14"11 

Z) 1 /) 2 
"14"21 

ft 1 b 2 

"24"11 

ft 1 ft 2 
"24"21 



b l b 2 ' 

"14"12 

Z) 1 b 2 

"14"22 

ft 1 ft 2 
"24"12 

b l b 2 

"24"22 



Now, let us explain why Lemma 3.1 is required to complete this example. 

Suppose that A = F 3 (T 2 (T 2 «, T 1 ®)) and B = F 2 \T 2 )[rf](F 2 \T 2 ^) , F 1 (T 1 ^)) . 
Then A and B are matrices in PM 2X 2 3 (^)- in order to show A = B, we have shown 
that AX = BX for each 

X e {[e}(F%B^),F^B^),F^B^))\B^\B^ 2 \B^ e BT}. 

In [1], we proved that the O-punctured ball tangle invariant F° : BT — > PM 2x i(Z) 
is surjective. Note that PM 2x i(Z) = PZ 2 t. So we have 

{[e 3 ](P (P (11) ),P°(P (12) ),P°(P (21) ))|P (11) ,P (12) ,P (21) e BT} 

= [£ 3 ](PZ 2t x PZ 2t x PZ 2t ). 



Fortunately, we have ball tangles B^\ B^ 2 \ B^ whose invariants are 



1 









1 







1 




1 


For example 



we easily know that [0 1 1 1 1 1 1 l] f i [£ 3 ](PZ 2 t x PZ 2 t x PZ 2 t). 
Lemma 3.1 says that we have only to show that AX = BX for each 



xeien 



}x{ 



}x{ 



})• 



That is, we have only to check the following 27 column vectors in PZ 8 ^: 

[10000000 ] f , [01000000 ] f , [11000000 ] f , [00100000 ] f , [00010000 ] f , 
[001 10000 ] f , [10100000 ] f , [01010000 ] f , [11 110000 ] f , [00001000 ] f , 
[00000100 ] f , [00001 100 ] f , [00000010 ] f , [00000001 ] f , [0000001 l] f , 
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[00001010 ] f , [00000101]+, [00001111 ] f , [10001000]+, [01000100 ] f , 

[1 1001 10 0] t , [00100010]+, [00010001]*, [00110011]+, [10101010] t , 

[01010101]+, [11 111111]+. 

4. The invariant of connect sums looked like addition of fractions: 

Recall Corollary 3.7 to explain the calculation process by Theorem 3.3 which is our 

second main Theorem. If B {1 \B {2) G BT with F°(B {1) ) = 



then (1) + h BW) 



ps + qr 
qs 

Consider the addition of fractions: 



and F°{BW) 
(Krebes 0), (2) F°(B^ + V B^) 



pr 
qr + ps 



p r 
- + - 

q s 



ps + qr 
qs 



pr 



'iii i 
-w + x ps + qr 



They look like the invariant of connect sums of ball tangles. 
Let us consider the following example. 

Suppose that T 2 W, T 1 ^ are 2, 1-punctured ball tangle diagrams such that 

^2^2(1)^ __ a ll a 12 &13 «12 2 jpl(rpl(2)^ hi &12 1 

0-21 0-22 «23 a 22 2 ' 

respectively. Notice that ki = 2, fc 2 = 1. 

Let T = T 2 « + h T l{ - 2 \ and let B™, B^ 2 \ B^ G BT with 



ii 

hi b 2 2 1 



F°(BW) 



V? 



F°(BW) 



v? 
v? 



Then T^ 11 ),^ 12 ),^ 21 )) = T 2 ^)^ 11 ),^ 12 )) +h T^ 2 \B^) and 
F°{T{B( n \ B^ 12 \B^)) = F°(T 2 W(B^\B^) + h T l( - 2 \B^)) 
= F\T 2 W{BW,BW))+ h F Q {T 1 W{BV 1 ))) 
= F 2 (T 2 ^)[e](F°(B^),F°(B^)) + h F 1 ^ 2 ))^ 1 ]^ ^ 21 ))) 



a ll a 12 a 13 a 12 2 
a 21 a 22 °23 °22 2 



hi &121 

^21 h2 1 



, 2 i 



fl n rii=i «3 . + «i2 rii=i . + ai 3 YT j= i v % . + a i2 2 rii=i 



°2i nLi w 5 . + °22 nj=i ^ . + rij=i ^ . + a 222 feu 



*2j 



*2j 



,1/ 



"3j 



2 1 ! 



> 2 
Q 22, 



+ / 
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hi u.Ui v %+ b ^ 1 n;=i 



2j 
> i 

^ 1 
Q 2l, 



? 2 ' 22,2l ((«ii, ai2, oi3, ai2«), ( fo 2i, 622O) + ^ 2 ' 22,2l ((«2i, a 22 , a 23 , a 22 2), (611, &i 2 i)) 
^ 2,22,2l ((a 2 i, a 22 , a 23 , a 22 2), (6 21 , 6 22 i)) 



x 



e 2 ' 22 - 2l ((n?=! v^nu ^ v nU ^nu 4> (n} =1 ^nU -\)) 

011621+021611 an6 22 i +a 2 i6 12 i 012621+022611 oi 2 6 22 i +o 2 26 12 i 



= [ 



021621 



a 2i6 22 i 



022621 



"22 1 
022 6 22 l 



013621+023611 ai3& 22 i +0236 12 i a 12 262i+a 22 26n a 12 26 22 i +a 22 26 12 i 1 r,^^ 2 ^ 1 



023621 



023622I 



O222621 



O222622I 



][r' 2 ' 2 ]( 



vf 
v 21 



■011621+021611 on6 22 i +a2i6 12 i 012621+022611 ai26 22 i +a226 12 i 
021621 02l6 22 i 022621 0226 22 l 



r„, 11„, 12„ ,21 



013621+023611 oi36 22 i+o 2 36 12 i a 12 26 2 i+a 22 26ii a 122 6 22 i+a 22 2 6 12 i 
023621 0236 22 i a 22 2 62i a 22 2 6 22 i 



Vt V 



1 u l 



11 12 21 

I u l u 2 

II 12 21 

1 u 2 u l 

fvfvf 

11 12 21 

2 u l u l 

2 n ^ 12 ^ 21 



= F 2+1 (T)[e +1 }(F (BW),F Q (BW),F°(BW)). 
Therefore, by Lemma 3.1, we have 

F 2+i (T 2(i) +hT m) = [ 



011621+021611 an6 22 i +a 2 i6 12 i 012621+022611 ai 2 6 22 i +o 2 26 12 i 
021621 02i6 22 i 022621 0226 22 i 



013621+023611 ai3b 22 i +0236 12 i o 12 2 62i+o 22 2 6n a 12 2 6 22 i+a 22 2 6 12 i 
023621 0236 22 i o 22 2 62i a 22 2 6 22 i 



Also, we can write 

^2+1^2(1) +hT l{2)^ 



dlihj + 0-2iblj 



J=1.2V i= i > 2, 3) 22. 

Similarly, we can show the following formula for the vertical connect sum. 



^2+1^2(1) + ^ j,l(2)^ 



aubij 

y a 2 ibij + aub 2 j y j=12l 



=1,2,3,2 2 . 



Notice that the addition of fractions still plays an important role in the calculation 
process of the invariant of connect sums of punctured ball tangles. 
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We have tried to make our main theorems easier by concrete examples. Even 
though we have used very complicated notations, we think of our method as a kind 
of primitive applications of dictionary orders. 
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